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Abstract. We consider a random walk on if" in an i.i.d. balanced 
random environment, that is a random walk for which the probabil- 
ity to jump from a: £ Z'' to nearest neighbor a: -(- e is the same as to 
nearest neighbor x — e. Assuming that the environment is genuinely 
d-dimensional and balanced we show a quenched invariance principle: 
for P almost every environment, the diffusively rescaled random walk 
converges to a Brownian motion with deterministic non-degenerate dif- 
fusion matrix. Within the i.i.d. setting, our result extend both Lawler's 
uniformly elliptic result [15] and Guo and Zeitouni's elliptic result [12) to 
the general (non elliptic) case. Our proof is based on analytic methods 
and percolation arguments. 



1. Introduction 

This paper deals with a Random Walk in Random Environment (RWRE) 
on Z*^ which is defined as follows: Let ^A'^ denote the space of all prob- 
ability measures on the nearest neighbors of the origin {ibej}^^;^ and let 

= (A^ ) . An environment is a point a; G fi, we denote by P the distri- 
bution of the environment on ft. For the purposes of this paper, we assume 
that P is an i.i.d. measure, i.e. 

P = u^' 

for some distribution v on A4'^. For a given environment a; G f], the Ran- 
dom Walk on w is a time- homogenous Markov chain jumping to the nearest 
neighbors with transition kernel 

Poj {Xn+i = z + e\ Xn = z) = uj{z,e) > 0, '^uj{z,e) = 1. 

e 
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The quenched law is defined to be the law on (Z"')^ induced by the 
kernel and P^{Xq = z) = l. We let = P (g) be the joint law of the 
environment and the walk, and the annealed law is defined to be its marginal 

P!,dP{u:). 

n 

A comprehensive account of the results and the remaining challenges in 
the understanding of RWRE can be found in Zeitouni's Saint Flour lecture 
notes [22] , 

We are interested in the long-time asymptotic behavior of the walk. More 
precisely considering the continuous rescaled trajectory G C(M'^,M'^), 

XN_ 1 X I tN-[tN] 

we want to know whether the quenched invariance principle holds, 

that is, if for P a. a. u}, the law of {X{^}t>o under P^ converges weakly 
on C(M''~;]R'^) (endowed with the topology of uniform convergence on ev- 
ery compact interval) to a Brownian motion with deterministic covariance 
matrix. 

The invariance principle is a well known classical result for the simple 
random walk (SRW), cf. ^0\. 

A satisfying understanding of invariance principles exists for the random 
conductance model, which is a reversible RWRE, cf. [9], [13], [19], |3], [16], 
[2] and many others. 

However in general non-reversible random environments this question is 
still widely open. Significant progress has been made in the perturbative 
regime, cf. ^, [6], [21], in the ballistic regime cf [5], [20], [IT], [1] and 
others, and in the Dirichlet regime cf [18j and others. 

By looking at the references above, one can see that the problem of proving 
an invariance principle is much harder when uniform ellipticity (i.e. that the 
transition probability between nearest neighbors are bounded away from 
zero) does not hold. Indeed, in the ballistic regime all the results are proven 
with the assumption of uniform ellipticity, the perturbative regime is by 
definition uniformly elliptic and in the reversible regime it had been an 
open challenge to transfer the uniformly elliptic results of [19] to less elliptic 
regimes. 

In this paper we will focus on a special class of environments: the balanced 
environment. In particular, we solve the challenge of adapting the methods 
that were developed for the elliptic case in |15j and [12] to non-elliptic cases. 

Definition 1 An environment uj is said to be balanced if for every 2: G Z"^ 
and neighbor e of the origin, uj{z, e) = oj{z, — e). 

Of course we want to make sure that the walk really spans U^: 
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Definition 2 An environment uj is said to he genuinely (i-dimensional if 
for every neighbor e of the origin, there exists z ^1!^ such that u}{z, e) > 0. 

Throughout this paper we make the following assumption. 

Assumption 1 P-almost surely, lo is balanced and genuinely d-dimensional. 

Note that whenever the distribution is ergodic, the above assumption is 
equivalent with 

P[u}{z,e) = u}{z,-e)] = 1, and P[uj{z,e) > O] > 

for every z G Z'^ and a neighbor e of the origin. 

Note that unlike [12] we do not allow holding times in our model. We do 
this for the sake of simplicity. Holding times in our case could be handled 
exactly as they are handled in |12j . 

Our main result states 

Theorem 1.1 Assume that the environment is i.i.d., balanced and gen- 
uinely d-dimensional, then the quenched invariance principle holds with a 
deterministic non- degenerate diagonal covariance matrix. 

The quenched invariance principle has been derived by Lawler in the 
1980-s [15] for balanced uniform elliptic environments, i.e., when there exists 
eo > such that 

-P(V^GZdVi=i,„,,d, ujiz,ei) > eo) = 1. 

In fact, Lawler proved this result for general ergodic, uniformly elliptic, 
balanced environments. 

Recently Guo and Zeitouni improved this result in [12] for i.i.d elliptic 
environments, where 

P{'^zezd^i=i,-,d^ w(z,ei) > 0) = 1. 

Note that our genuinely d-dimensional assumption is much weaker than 
ellipticity, in particular it applies to the following example 



Example 1.2 Take P = v^'^ as above with 

uj{z,ei) = u}{z, -ei) = ^,uj{z,ej) = uj{z, -ej) = 0,Vj ^ i 



^, i = l,...,d. 



In this model, the environment chooses at random one of the ztcj direction, 
see FigureU^. 



|12j also shows the quenched invariance principle for ergodic elliptic en- 
vironments under the moment condition 



JJu;(j;, ej)) ^^'^] < oo for some p > d. 

i=l 
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Figure 1. An illustration of Example \1.2\ restricted to a 
small box. 



Unlike the uniform elliptic case, one can find examples of ergodic elliptic bal- 
anced environment, where the invariance principle fails, as in the following 
two-dimensional example. 

Example 1.3 For every point z ^l?' we have Bernoulli variables Xn^^^ ,n = 
1,2,... and Xn^°^ ,n = 1,2,.... Those variables are all independent, and 
P(X^'^^'^ = 1) = P{X'n'''°' = 1) = 3-". Then, for every z £ 1? , if 
Xn^'^^ = 1, then the 2" vertices directly above z all get chance 1 — e~^" 
to move in the vertical direction and chance e~^" to move in the horizontal 
direction. If Xn^°^ = 1, then the 2" vertices directly to the right of z all get 
chance 1 — e~^"~^ to move in the horizontal direction and chance e~^"~"^ 
to move in the vertical direction. If a point hasn't been spoken for, it gets 
probability ^ to go in each direction. If a point has been spoken for more 
than once, it gets the highest value assigned to it. 

It is not hard to prove that in Example 11.31 there exist a and (3 positive 
such that for every large enough T, with probability at least a, all move- 
ments in the time interval [(1 — (3)T, T] are in vertical directions, and with 
probability at least a, all movements in the time interval [(1 — /3)T, T] are in 
horizontal directions. Furthermore, a.s. one can find infinitely many values 
of T such that all movements in the time interval [(1 — f3)T,T] are in ver- 
tical directions and infinitely many values of T such that all movements in 
the time interval [(1 — /3)r, T] are in horizontal directions. Obviously, such 
process cannot converge to a Brownian Motion, not even a degenerate one. 
It is also easy to show that the random walk in Example 11.31 is transient, 
even though it is two-dimensional. 

The balanced assumption is essential for our proof and simplifies the ar- 
gument greatly. In particular it implies that the walk is a martingale, which 
enables us to use the vast theory of martingales. 
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In particular, unlike the case of random conductances, we do not have 
to define and control a corrector. On the other hand, the existence and 
properties of an invariant measure for the process w.r.t. the point of view 
of the particle is a serious difficulty in our case, while it is simple in the case 
of random conductances. 

We now define the process of the point of view of the particle, a notion 
which is standard in the literature of random walk in random environment, 
and is used in this paper. The environment viewed from the point of view 
of the particle is the Markov chain {;D„}„gN given by 

where r is the shift on 0. 

We can also view it as the Markov on J7 whose generator is 

L/M= ^(0,e)[/(r„e^)-/H]. (1.1) 

e:||e||=l 

The paper is organized as follows: in section [2] we introduce the rescaled 
process and give some estimate on the corresponding stopping times. Section 
[3] deals with the maximum principle for the rescaled process, while section 
m presents the stationary measure for the periodized environment. Then in 
Subsection 14.61 we repeat the arguments from [15] and [12] that lead to the 
existence of an invariant measure which is absolutely continuous w.r.t. P. 
In section [5] we prove Theorem 11.11 Finally, in Section [6] we we give a proof 
of the mean value inequality which is stated in Section [3] and used in Section 

13 



2. The rescaled walk 

In this section we define the rescaled walk, which is a useful notion in the 
study of non-elliptic balanced RWRE, and prove some basic facts about it. 

Let {X„}5^g be a nearest neighbor walk in Z^, i.e. a sequence in such 
that ll^n+i — Xn\\i = 1 for every n. Let > 1 be the coordinate that 

changes between X^-i and i.e. a{n) = i whenever — Xn-i = or 

Xn Xn—\ — Cj. 

Definition 3 The stopping times Tk,k >0 are defined as follows: Tq = 0. 
Tiien 

Tk+i = min {t > Tfe : {a{Tk + 1), . . . , a{t)} = {1, . . . , d}} < oo. 

We then define the rescaled random walk to be the sequence (no longer a 
nearest neighbor walk) Yn = Xt„- {i^n} is defined as long as Tn is finite. 

Lemma 2.1 ¥-almost surely, < oo for every k. 

Lemma 2.2 There exists a constant C such that for every n, 

P(Ti > n) < e"^"^ . 
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Note that due to lack of stationarity, Lemma 12.21 does not directly say 
anything about Tk+i — for large values of k. In Section|4]we will establish 
estimates for T^^^i — for large values of k. 

proof of LemmalKE Note that Wn = J2i=i^n^ 

is a simple random walk, 
and whenever Wn reaches a new value, Xn visits a new point. Since the 
environment is i.i.d., whenever the walk is at a new point, its (annealed) 
probability of going in any direction, conditioned on its past, is bounded 
away from zero. Therefore, 



Ti>n 

and from standard SRW estimates 



1 



max|Wfc| > nt ) < e"*^"^ 

k<n 



I max \Wk\ < n'i 

y k<n 



< e 



-Cn3 



Combined, we get the desired result. □ 

Proof of Lemma \2.1\ Assume that almost surely Tk is finite, and we show 
that almost surely T^+i < oo. By the same argument as in the proof of 
Lemma 12.21 almost surely after time T^. the walk will visit infinitely 

many new points. For every coordinate i, each time the walk visits a new 
point, conditioned on the past it has an annealed probability bounded away 
from zero to make a step in the direction Cj. Since infinitely many new 
points are visited, P(Tfc_|_i < oolr^ < oo) = 1. □ 

The annealed estimate in Lemma [2.2l can easily be turned into a quenched 
one. 

Lemma 2.3 

P(L^:^^(ri)>A:)<e-^'=*. 
Proof. Note that if E^{Ti) > k, then 

oo 

AiLo)= PUTi>j)>k/2. 

j=k/2 



Now, 



EiAiu;)) = F(ri >j)< Y ^'^'^ < Ck'e 

j=k/2 j=k/2 

Markov's inequality completes the proof. 



An immediate yet useful corollary of Lemma 12.31 is the following. 
Lemma 2.4 For every < p < oo, 



□ 
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3. A MAXIMUM PRINCIPLE AND A MEAN VALUE INEQUALITY 

In this section we prove a maximum principle which we will later use. It 
uses the same basic idea as the maximum principle of Kuo and Trudinger, 
|14| . but the probabilistic and non-elliptic setting requires a new way of 
estimating the size of the set of the supporting hyperplanes, cf Lemma |3.4[ 
We also state a mean value theorem, very similar to Theorem 12 of Guo and 
Zeitouni jl2] . The proof of the mean value theorem is very similar to that 
of Theorem 12 of [12]. It appears in Section [6l 

For iV G N and k = k{N) £ (0, N) n Z, let T^^^ = T^^'''^ = min (Ti, fe). 
Let : Z"' — 7- M be a real valued function, and for every z G Z*^, let 
iL^hiz) := h{z) - E^[h{X^^M,)]. 

Let Q C Z"' be finite and connected, and let S^^'^Q = {z G Z^ - Q : 
^xgq\\z - x\\oc < k}. 

We say that a point z € Q is exposed if there exists (3 = /3{z,h) G M*^ 
such that h{z) - (/3, z) > h{x) - (/?, x) for every x G Q U d^'^'iQ. We let Du 
be the set of exposed points. Further, we define the angle of vision Ih{z) as 
follows: 

= {/3 G M'^ : V,gQuaWQ^(^) < h{z) + (/?, ^ - } . (3.1) 

This is the set of hyperplanes that touch the graph of h at (z, h{z)) and are 
above the graph of h all over Qua('=)Q. A point z is exposed if and only if 
Ih[z) is not empty. 

Theorem 3.1 (Maximum Principle) There exists Nq such that for every 
N > Nq and every < k < N , every balanced environment u and every Q 
of diameter N, if for every z £ Q 

P^(ri > A;) <e-('°s^)' (3.2) 

then 



max/i(z) - max h{z) < 6iV V lzeDjLl^^h{z)\' 

If Ajv is a cube of side length N, then a more convenient way of writing 
the same thing is 

max /i(z) - max h{z) < 6N'^\\lD,L''J^^h\\A„,d 



< 6N^ [Ll^'^h)^ (3.3) 



where, as in [12 
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is the L'P norm with respect to the uniform probabihty measure on A^y. 

Remark 1. Note that if w is sampled according to an i.i.d. environment 
satisfying Assumption [U then by Lemma [2.31 (13. 2p is almost surely satisfied 
for all large enough N, k = (logA^)^'^'' and any connected Q of diameter 
N that contains the origin. However, in this paper we also apply Theorem 
13.11 to environments that are not i.i.d, namely to environments that are the 
periodized versions of i.i.d. environments. 

We now state a mean value theorem, whose proof, which is essentially 
the same as the proof of Theorem 12 in [12], is postponed to Section [6l 
Let Bn{x) = {y e Z"^ : \x - y\ < N}, and Bn = Bn U d^^°i^^'>'°" Bn- For 
u : Sat ^ M let L^u{z) = u{z) - E^{u{Xi)). 

Theorem 3.2 For any a G (0,1), < p < d and xq E we can find 
Nq = NQ{a,p,d,xo) and C = C{a,p,d) such that P almost surely if N > A^'o 
and u on Bn(xq) satisfy 

L^u{x) = 0, x e Bn{xo) 

then 

max u < C\\u+\\Br^(xo),p- 

Proof of Theorem \3.1\ As in [1^ , we are mostly concerned with the angle 
of vision in any vertex, defined as follows: Let z £ Q. Recall The angle of 
vision Ihiz) as defined as in (13. ip . 

Equivalently to [H], we will now state and use two simple geometrical 
lemmas. The proofs of these lemmas are postponed to immediately after 
the end of the current proof. 



Lemma 3.3 For every N and < k < N , 

I , , .\ max^eg - max^gg(fc)Q 

where A is Lebesgue's measure in d dimensions. 

Lemma 3.4 Almost surely, for every large enough N , every Q of diameter 
N, every oj satisfying (j3.2|) and every z G Q n D^, 

A(4(z))< [(3LWMz))+]'. (3.4) 

The theorem now follows once we note that 

□ 



Proof of Lemma \3.3[ This is identical to the proof of Lemma 2.2 in [H]. □ 
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Proof of Lemma \3.4\ Let (3 G Ih{z)- Fix i G For a walk {^n} 

and i = 1, . . . , d, let = min{n : a{n) = i} < oo. We define the events 

^1+^ = {Xu, - Xu,-i = ei and m < x'f'^} 

and 

A^r^ = {Xu, - Xu,-i = -ei and < t[''^}. 

Let be a random variable which takes +1 with probability 1/2 and — 1 
with the same probability, and is independent of the walk. Let be the 
event A^ = {uj > k}. We define 

45 = (4^^ n (aO)^) u ({M^ = +1} n {A^)) 

and equivalently 

Ay = (A^^^ n (aO)^) u {{w = -1} n (^°)). 

Note that P^{A[^ji) = P^i^J) = V2 and that and a\J are 

disjoint events. Therefore, 

E^JX ,^Ml^!i)-z = z-Et{X .^Mtii)- (3-5) 

LetO«(z) =i?5(X 

1 ' 

/3 G Ih{z), and therefore (/3, x) > + — /i(2;) for every x G QVJd^^^Q. 
In particular, using the definition of 0^\z) and (13. 5p . 

> J] {h{x + z)- h{z))P^{X^,M, = (3.6) 
Equivalently, 

> (^(^ + ^) - = ^lA^"^) (3.7) 

in other words, 

^ (/.(^ + ^) _ hiz))P^iX^,^^ = x\A^^) 

< {^0^\z)) 

< - Yl {Hx + z)-h{z))P^{X^,^,=x\A'l^^), (3.8) 

xeQudWQ 
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SO whenever (3 exists, (/3, 0^\z)) is in an interval of length bounded by 

^^hix + z)- h{z))P^{X^(N) = + ^(/i(x + z)- h{z))P^{XT, 

_ X X 

= 2Y,{h{z) - h{x + z))P^{Xt, =x) = 2LW/i(z), 

X 

where the summation is over x £ Q U d^^^Q. In particular, L[^^h{z) is 
non-negative if /3 exists. 

Therefore, \{Ih{z)) is bounded by the volume of the parallelogram 



L 



{7 G M'^ : V, < (7,0«(z)> < 2L[^^h{z)] . 



We thus need to estimate the volume of the parallelogram L. By standard 
linear algebra, 

\{L) = {2Ll^h{z) f det{M-^) 

where M is the matrix whose columns are the vectors ol^\z), < i < d. 
Therefore, we need to estimate the value of the vectors 0^\z). 



Claim 3.5 for every i, 



Noting that the determinant is a continuous function, we get that ([37 
holds for all large enough N. 



□ 



Proof of Claim [X5l We calculate separately Oi = {0^\z),ei) and Oy 

o'l^\z)-Oi. 

By the optional sampling theorem. 



and therefore 



\0, - l| < e-(i°g^)' 
Using the optional sampling theorem one more time. 



(3.9) 



0^=0. 

The claim follows from p.9p and (j3.10p . 



(3.10) 

□ 
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A 



:: 



c 

Figure 2. The conEguration under the letter A is the orig- 
inal configuration. The configuration under the letter B is 
the (reflected) periodized configuration with period 4, and 
the configuration under the letter C is the effective environ- 
ment for the reflected random walk in the 4x4 box. In places 
where there is only an arrow pointing in one direction, the 
walker stays put with probability ^. The origin in this picture 
is at the upper left corner. 

Remark 2. Note that the rescaled walk is balanced in the following sense: 
For every x, w, and /c, 

y 



4. Stationary measure for the periodized environment 

As in [12] and [15], in this section we analyze the stationary measure of 
the walk on a periodized environment. Unlike those papers, here we con- 
sider a slight variation of the periodized environment, namely the reflected 
periodized environment, see Figure [2l The advantage of the choice of the 
reflected periodized environment over the one appearing in [12] and |15j is 
that every walk in the reflected periodized environment is (up to, possibly, 
some holding times) a legal walk in the original environment, which is not 
the case for the periodized environment appearing in [12] and [15]. This 
property of the reflected periodized environment will turn out to be very 
useful in Section [5l 
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The conclusion of this section is that for some p > 1, the norm of 
the Radon-Nikodym derivative of a stationary measure with respect to the 
uniform measure on the period-cube is bounded as a function of the size of 
the period. As in [12] and |15j this will turn out to be the crucial step in 
the way of proving a CLT. 

Differently from [12] and [15], we do it here with the stationary measure 
w.r.t. the rescaled walk and not w.r.t. the original walk, because the original 
walk does not necessarily obey the maximum principle (Theorem 13. ip . The 
main idea is an idea that we learned from Theorem 5 of [12], but as we 
work with the rescaled walk, which is less regular than the original walk, 
the whole argument becomes significantly more complex. In Subsection 14.51 
we transfer the result from stationary measures w.r.t. the rescaled walk to 
stationary measures w.r.t. the original walk. 

4.1. Definition of the periodized environment. For every environment 
a; G and G N, we define the periodized environment a;(^) as follows: 

First we define co^^\z) for z in the cube [0, 2iV— 1]*^: for ^; = {zi,Z2, ■ ■ ■ , Zd) 
we define uj^^\z) = ijo{z') where 

z = (y min(2;i, 2N — 1 — zi), min(z2, 2N — 1 — Z2), ■ ■ ■ , mm{zd, 2N — 1 — Zd)) ■ 

Then for general z we define uj^^\z) = uj^^\z mod 2N) where for ev- 
ery coordinate i we define {z mod 2N)i := Zi — 2N ■ [^J- For a given 
environment w and N £ 'N, let Pu)^n be the uniform distribution over all 
(2iV)^ shifts of a;(^). By E^, AT we denote the expectation with respect to 
the distribution Pu),n- As in [12], due to the ergodic theorem and to the 
fact that the planes of reflection are a negligible set, P-almost surely Puj^n 
converges weakly to P. 

Note that the random walk in Z*^ under u^^^ corresponds to the reflected 
random walk on A^r = [0, A^)"^ under w, with some holding times. Indeed, 
if we define the function / : Z'^ — t- A^v to be 

fiz) = {gizi),..., g{zd)), where 
g{x) : = min {x mod 2A, 2A - I - {x mod 2A)), (4.1) 

then {f(Xn)}^^i follows the law of a random walk on Ajv under u) which 
is reflected at the boundaries of the cube, with a holding time when the 
random walker wants to leave the cube (again, see Figure [2|). 

Therefore, we can state and prove lemmas similar to Lemmas 12. 21 and 12. 31 

Lemma 4.1 There exists a constant C such that for every z, every N and 
every k < 2N , 
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Lemma 4.2 There exists a constant C such that for every z, every N and 
every k < 2N, 

Proof of Lemma \4-l\ The proof of Lemma 14.11 is basically the same as that 
of Lemma 12.21 except that we need to handle the fact that the environment 
is not i.i.d. and not even locally i.i.d. (consider, for example, any neighbor- 
hood of the point 0). As in the proof of Lemma [2T2l let Wn = Yli=i ■ It 
is enough to show that, for two appropriate constants Ci and C2, the prob- 
ability that the reflected walk f{Xk) (see display (j4.ip for the definition) 
visits less than Ci/c^/^ points up to time k is bounded by e"*^^^^ ^ . 

To this end we consider separately the coordinates for which the point z 
is closer than to the boundary of A at and those for which the point z 
is further than from the boundary. Without loss of generality, assume 

that < < ^ for 1 < i < ^, and that ^ < z^*) < iV - ^ for 
e<i<d. 

let Zn = Wn — Wq be the change in (W.). With probability greater than 
1 - exp(-C2A;^/^), we get that 

max|Z„| > 3A;^/^. 

n<k 

Therefore, there exists a coordinate i such that 

max|X«-z»| > 



n<k d 

Now, if £ < i < d, then the first times that \Xn'^ — z^'^^\ reaches a new 
maximum, /(X„) visits a new point. If 1 < i < then whenever \Xn'^ — 

reaches^ + 1,^ + 2,..., the process f{Xn) visits a new point. 

□ 

Lemma [4.21 follows from Lemma [4. II using the exact same calculation that 
yields Lemma [2.3l from Lemma [2.2[ The different power (1/6 instead of 1/3) 
stems from the power 2 inside the expectation. 

4.2. Empirical distribution of E^(Ti A ^ number N and an 

environment 00, we denote T = T{oj,N) := Y''^S"(^^fiii(2\y^^^ and for 

zGZ'^we denote = T^{oo, N) := ^ E^{inm{Ti, f^) . 

Lemma 4.3 Fix 1 < p < 00. P -almost surely, for all N large enough, for 
all k < (loglogiV)^o°, 

E,,^(TP ■,T>k)< e-""^'" (4.2) 
where E{X ; ^4) is defined to be E{X ■ 1a)- 
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Proof. First, we show that there exists c such that P-almost surely for ah 
N large enough, 



Indeed, the LHS of (j4.3p equals 



(4.3) 



zeA, 



2Af I 



E 



^:(iv)(min(ri,-)2) 



(4.4) 

Let = G ^2N ■■ dist(z,9A2Ar > N^''^)}. Then for all z G Dn, the 
probability that the random walk starting at z reaches the boundary of A2Ar 
before time ^ decays like e"'^^""'. Therefore, for every z S -Dat, we get that 

[min(ri,iV/2)2] < E^^ [mm{T,, N/2f]+N^e-^''-' < E^^Tf+Ar^e"^"" 

and by applying Lemma 12.41 and the ergodic Theorem to the i.i.d. envi- 
ronment uj we get that a.s. 




1 p 



iV G N > < oo. 



(4.5) 



To this end, we use the fact that |A2Ar \ Dn\/\A2n\ < CN~^'^, Lemma K2\ 
with choice of parameter k = (log A^)^*^ and Borel-Cantelli. 

Now that (j4.3p has been established, by Cauchy-Schwarz, all we need to 
show is that P- almost surely, for all N large enough, for all k < (log log A^)^'"^, 



Pu,NiT >k)<e 



(4.6) 



Note that 



27V 



{T~-{uji^))>k}- 



To prove (j4.6p . we need a second moment estimate. Let £ be an integer 
number, whose value will be determined later. Then 

N/2 £-1 N/2 



h=l 



h=l 



h=e 



Write 



N/2 



Bh'"\z) = Y,hP^{T, = h) 
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and 



h=l 



By Lemma l4.1|, 



/N/2 



\h=e 

N/2 

= ^ (Ti = h)< Ct^e-^^''' . 



(4.8) 



Now set I = [(log A^)^*^] . Using Markov's inequality and a union bound, 
from (14.81) we see that 



P (3..A..i?r/^(.) >l)C< \A,Mi'e-'''' < 



and by Borel-Cantelli, with probability 1, B^^^'^(z) < 1 for all large 
enough and every z G A27v- 

Therefore, it is sufficient to show that almost surely for all large enough 
N and ah k < (log log TV) , 



TN,k '■- 



1 



lA 



27V I 



E 1 

2GA2JV 



{B^^f^, {z)>k~l} 



< e 



(4.9) 



From Lemma l4.2| for every z G A2Ar, 

P(B^f^)(z) > A: - 1) < P{T'{J^^) >k-l)< e-^^'^'' := 

Clearly, for every z and w, 

P (b'J,, iz)>k-l; PiB'J,, {w) >k-l 



f{k). (4.10) 



< 



P{B'J^,{z)>k-l)<f{k). 



(4.11) 



If, in addition, Hz — > i, then by the i.i.d. nature of P we get that 
P [b'J,, iz)>k-l; B'J,, {w)>k- 1) 
= P(i?^f,) {z)>k-l). P{b'J,, {w)>k-l). (4.12) 
Therefore, for N large enough. 



var(T7v,fc) < 



£'^f{k){2Nf] < N~^'^l^f{k). 



Thus by Chebichev's inequality, 

p(r^,, > 2f{k)) < N-^^'^/f{k), 
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and a union bound says that 

-P (3fc<(iogiogAf)ioo : TN,k>'if{k)) 
< iV-3d/4 . (logiogAr)ioo . gC(iogiogiV)ioo/3 

Remembering that d >2, Borel-Cantelh now finishes the proof. 



□ 



4.3. Stationary measure. Let P/v be the uniform distribution on A^r. Let 
Hpf = Hiy{u)) be a stationary measure for the Markov process {/(^n)}5^Li 
on Ajv where {1^}^^;^ is the rescaled walk on Z*^ under the environment uj^^^ 
and / is as in (14. ID (note that due to the non irreducibihty of the Markov 
chain, there may be more than one stationary measure. In this case, Hn 
is arbitrarily chosen among the stationary measures. Also note that by 
Lemma 14.21 -P-almost surely for all large enough A^, the process {l^}^o 
well defined), and let $7v = ^7v('^) = be the Radon-Nikodym derivative 
of H]\f. The main purpose of this section is the following lemma, whose proof 
will be completed in the next subsection. 

Lemma 4.4 Fix p = There exists a constant Cj47i3] such that for 

almost every lo, we have that 

limsup{||$7v||A^,p : N = 1,2,...} (4.13) 

We begin with three definitions and a basic lemma, which will serve as 
the input for the main step. 

Definition 4 The average step size at scale A^, denoted by On = Ojyi^^) 
is defined to be 

On := ^SH^[(riAA^/2)2] = [ ^ ^ <^n{z)E^^,m, [{T, A Ar/2) 



zGAjv 



(4.14) 



At this point we remind the reader that {A„} denotes the original walk, 
while {Yn} denotes the rescaled walk. As in [12] we define the following 
stopping times. 

Definition 5 We deGne Si = Si{N) := inf{?i : - yolU > 2N} and 
recursively S^+i = S^+iiN) := inf{n > 5^ : - Ysjloo > 2N}. If 
Sk is not well defined (either because the rescaled walk is not well defined 
or because the walk never leaves the neighborhood of Sk~i), we set Sk to 
infinity, as well as Sj,j > k. 

We also define corresponding stopping times for the original walk {A„}. 

Definition 6 We define Tk = Tk{N) = Ts,., i.e. the time when Sk occurs 
in the clock of the original walk. 
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From the fact that {Xn} is a martingale whose step size is one, we get 
the fohowing simple estimate. 

Lemma 4.5 There exists a constant C such that for every N and almost 
every lo, 

oo 

Y^Pu^wi^k < CkN^) <oo. (4.15) 

k=l 

Furthermore, 

esssup 1^ P^(iv) (Ffc < CkN^) | < oo, (4.16) 

where the essential supremum is taken w.r.t. the measure P on oo. 

Proof. Note that is a stopping time for every fc, and that ||Xrj._,_^ "^r^ || > 
2N . Now remember that {^n} is a martingale, and that the variance of its 
increments is 1. By Doob's inequality, there exists C |'4.i7| such that for every 
balanced a; and all k, 

p^{Tk+i-Tk>qrnP^ |^i,---,^rj > 1/2. (4.17) 

If we now take C = C [4.i7/ 4, then by (j4.17p and Cramer's Theorem we 
get that for every balanced w. 



P^{Tk < CkN^) 

< Pi^ (There exist more than ^ values of n up to /c s.t. r^+i — r„ < C j'4.i7[ A^^) 

< e"^fi3Hf. (4.18) 
(iroi) fohows. 



□ 



4.4. A bootstrap argument. In this subsection we perform a bootstrap 
argument that will simultaneously control On and prove Lemma 14.41 The 
argument is composed of two lemmas. The first. Lemma l4.7t an adaptation 
of Theorem 5 of [12], bounds ||<I'Ar|| Ajv,p hi terms of Oat and the second. 
Lemma l48l bounds On in terms of H'&Arll Ajv,p- 
We start with an a priori bound. 

Claim 4.6 P -almost surely, On < (log A^)"^ for all N large enough. 

Proof. This follows from the fact that |AAr| = N'^ and from Lemma [4. 1|, the 
same wav Lemma 12.31 is proven. □ 

Lemma 4.7 P -almost surely, there exists a constant Ci such that for every 
N large enough, 

||<^*Af||AAr,p < Ci ■ On, 

where, as before, p = ^j^x • 
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Lemma 4.8 P -almost surely, there exists a constant C2 such that for every 
N large enough and every k < (logA^)^, if 



^n\\/\m,P < ^ 



then 



0N<C2{\0gkf. 

Proof of Lemma \4-4\ The combination of Claim 14.61 and Lemmas 14.71 and 
4.81 yields that for all large enough, On < CiC2(log Oat)^, and therefore 
supjOAT : N = 1,2,...} < 00. Another application of Lemma 14.71 yields 

Km . □ 



Proof ofLemmall^ Let j = (logk)'^, and let /(z) = ^^j^, [(Ti A iV/2)2] 
Then 



zGAjv 

^ E ^Jv(^)/(^)i/(.)<, + ^ E 'j>^(^)/(^)i/(.)>i 

<j + ||^Jv||Ajv,p||/(^)l/(z)>j||Ajv,rf 

<j + ke~^^^'^ < 2j 



where the one before last inequality follows from Holder's inequality, Lemma 
14.31 and the assumption that ||$Ar||Ajv,p < k, and the last inequality follows 
from the fact that j^/^ > log k. 

□ 



Proof of Lemma \4- 7| The argument is based on the proof of Theorem 5 in 
|12j . Let h : A2N — ^ be a test function. We extend h to the entire Z'^ 
by h{x) := h[x mod 2N). 

We remember that {K} is the rescaled walk, and extend $Ar to A27V by 
$7v(x) := ^N{f{x)) for / as in (jiT]) . The extended ^at is the Radon- 
Nikodym deriyatiye of the measure H defined as H{x) = ^Hj\[{f{x)). Note 
that H is stationary with respect to the (periodized) random walk on A2Ar. 
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Then 

zeA2Ar 

^eAjjv ^ ' rn=Q j=Sm ^ ^ 



(4.19) 



zeAzjv ^ ' "1=0 ^ ^ i=o 



i=0 / \ ZGA2JV m=0 

We use the foUowing claim, whose proof wih be given at the end of the 
proof of the lemma. 

Claim 4.9 

max i?^,^) ^(^^•) ^ C'iV'll^llA^.v.d- (4-20) 
We now estimate the remaining term, namely 

Sin- 



2:GA2JV m=0 

Note that this is 

and that is a stationary distribution for {/(Y!)}. In particular, the 
sequence {T^ — Tfc„i} is stationary under H]\f, and Ehj^ [{Tk — Tk-i)'^] = Oj^ 
for every k. 

Now, for a given m > 0, 

F (^ 



< +P..^5.<-(log,n 

< 2e-(i°g'")' + PH^.(5„<^(logm)4V (4.21) 
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Let Cj^3] be the constant from Lemma 14.51 Then 



Ar2 

PHn { Sm < -pr-ilogmY 



(4.22) 



< Ph^ {Tm < q^N^) + Phj, (^Sm < ^(logm)^ ; Tm > q^N^^ 



Lemma [4.51 takes care of the first summand, so all we have left to do is to 
control the second summand. By Markov's inequality, 



< 



and 



N 



Phm [ Sm < — (logm) ; > (^fcsp 



< Ph, 



AT 



077(logm)4 



> 



E 



Hn 



T, 



(4.23) 



Eh, 



i-l 



i=l 



I J 



E E EB^iJ^-T,-x){T,-T,^^)\ 



02 



i=l J=l 

8 r)2 _ TKTi/ 



Substituting in (|4.23|) . we get that 



Ph^ [Sm. < ^(logrn)^ ; r„ > Cg^pivM < 



(log mY 



m 



and combined with (|4.2ip . (j4.22p and Lemma |4.5[ we get that for every 
test function h, 



(2iV) 



^ '^N{z)h{z)<CmA,^,dON. 



Z6A2JV 



The duality of L"' and now gives that ||<l>Ar|| Aat.p = ||^7v||a2jv,p < 
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Proof of Claim We need to show (I4.20p . We first estimate 

maxii;:,.,'£\(yf)) 



j=0 



Where the walk vj-^'^ is defined by Yl'' ' = X .n) , with Tl" > := mm{Ti,N/2) 
and 

ri^J:=min{{t>Tf) : {a(rf . . . , a(t)} = {1, . . . , 4}U{rf )+iV/^ 

We fix z G A2Ar, and define the stopping time = min{j : Yj^^ ^ 
z + A2iv} and the function 

j=0 

Then L^^^/^ = h. Almost surely, for all large enough, Condition (j3.2 
with k = N/2 is satisfied by Lemma 14.21 and therefore by Theorem 13. H 



.(TV) 



j=0 

Therefore, all we need is to control 



E KyP) - E KYj. 

j=0 j=0 



Now, 



and 



,(JV) 



j=0 



j=0 



< CN"^ max h^{z) 

ZGA2JV 



Si-1 Si-1 

E kyP) - E 



j=0 j=0 

^From Cauchy-Schwarz, we see that 
Si-l Si-l 



,(iV) 



j=0 j=0 



< CN^e-""^'^^ max h{z). (4.24) 



Noting that the size of the space A2Ar is (2iV)'^, we get that 
max h{z) = ||/i||A,^,oo < i2Nf\\h\\A^,d. 

z€A2N 

With (j4.24p we are now done. 



□ 
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4.5. A stationary measure for the original random walk on Ajy. 

Fix to be strictly between 1 and p. In Lemma 14.41 we controlled the 
norm of a stationary measure w.r.t. the rescaled random walk. We now 
use Lemma 14.41 to control the norm of a stationary measure w.r.t. the 
original random walk. 

Lemma 4.10 There exists C such that P -almost surely for all N large 
enough, every probability measure Qn which is stationary with respect to 
the original reflected random walk on A^v satisfies 

dQN 



dPN 



< C. 



Aiv,p' 



Proof. First note that due to the convexity of the norm || • IIaat.p'' may 
assume without loss of generality that the measure Qat is ergodic. Then the 
random walk is irreducible on suppQiv- It is also clear that if the random 
walk starts at a point in suppQ^v, it will stay in suppQ^v forever. Therefore, 
there exists a measure which is supported on (a subset of) suppQ/vr and 
is stationary with respect to the rescaled random walk. 

Now consider the following random walk {X^jJ^Q on A/vt: the initial point 
is determined according to the distribution and the walk continues 
according to the quenched kernel w on A^v, reflected at the boundary. 

For i = 0, 
Aat by 



, we define the measure (not a probability measure) Fi on 
Fi{x) = J2 HM{z)P^{Xi = x-Ti>i). 

zGAn 



Claim 4.11 For P-almost every u and all N large enough, the sum 



E 

i=0 



Fi 



converges to a finite measure F. Furthermore, 
stationary w.r.t. the (original) random walk. 



Ef{pf{Ti) and F is 



Since the random walk is irreducible on supp Q n , there is a unique station- 
ary measure for the original random walk, and therefore Qn = F / Ehj^{Ti). 
As EHff{Ti) > 1, we get that 



dQ 



N 



dPN 



< 



oo 

E 

i=0 



dF, 



dP, 



N 



Therefore, we want to estimate 



4p^\\ for given i. 



dPN 



We first estimate 



dPN 



. Note that 



F,{x) < G,(x) := J2 Hn{z)P^{X, = x). 
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Giix) 



zSAjv : \z—x\<i 



^SAjv : \z—x\<i 



Therefore 



SO 



dFi 








< 


< 


dPN 




dPN 





< (2i + 1)"' 



dH 



N 



dPN 



(4.25) 



Let p" be such that ^ + ^ = 1. 
We also want to estimate 

dF,, 



dFj_\\ 

'^^'v|Ia«,i 



dPN 



Ajv,l xgAn 



Y Hr,{z)P^{T^>i)<e-'''"\ 



where the last inequality follows from Lemma l4.ll 
Now let 

and let X,{x) = Y{x) ■ ^ and X^ix) = (1 - Y{x)) ■ Since ^ = 

Xi + X2, we need to estimate ||^i||Aiv,p' IIX2II Ajvy- 

Note that X2{x) < 1 for every x, and therefore, X2 (x) < X2ix). There- 
fore, llXalU^y < ll^2|li/^'i < exp ( - (C/py/-^). 

Note also that Y{x) G {0, 1} and thus = Y, so, using Markov's 
inequality, 

dFi 



Ajv,p" 



A«,l < 



dPN 



A«,l 



<exp(-C7ii/3)^ 



so ||^||ajv,p" ^ 6xp ( — {C /p")i^/^). Then by Holder's inequality, 



< 



dFi 



dP, 



N 



P' 

A]v,p 



< WMNWi ■ (2i + 1)*' exp ( - iC/p'y/'). 
We get that for appropriate constants Ci and C2, 
dFi 



dPN 



p' 



< Ci{2i + l)'^exp ( - ^2^1/3) • \\H_ 



N\\p- 
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The lemma now follows from Lemma 14.41 and the fact that 

oo 

< oo. 

i=0 

Proof of Claim \4-ll\ First of all, 

= Yl ^^(^) = E E HN{z)P^{Xi =x;Ti>i) 

2gA]v a;eAjv 

= Yl Hn{z)P^{Ti >i) = PhATi > i). 

Therefore X^^i i*i converges and ||F||i = Ehj^(Ti). 

To show stationarity, we do the following calculation. Fix x G A^v- 



□ 



Y F{y)py{X, 



oo 

E HN{z)PAXi+i = x;Ti>i) 

i=0 zeAjv 



Y Y F^iy)P^(^i = ^) 

i=0 vGAn 
oo 

Y Y Hn{z)PAXj = x; T,> 

j=l zgAn 



Y Y Hn{z)P^{X, =x;T,>j) + YY HNiz)PA^j = X ; Ti 

j=l z£An 



YFA^) + HN{x) = F{a 



j=l zgAjv 
oo 

= + Y Hn{z)P^{Xt, = x) 

j = l 2GAjv 

where in the one before last step we used the stationarity of Hn with respect 
to the rescaled random walk. □ 

We get a useful corollary. 

Corollary 4.12 There exists > which depends only on P such that 
P -almost surely for all large enough N , every stationary measure with 
respect to the reflected random walk m A^v under the environment uj satisfies 
I suppQatI > $|AAr|. 



Proof. By Lemma I4.1UI 



dQN 



dPN 



<C'. 



An,p' 



Now, by Holder's inequality, for p" such that 1/p' + 1/p" = 1, 



dQ 



N 



dPN 



< 



dQN 



dPN 



An,p' 



|1suppQjvIIajv,p" — ^ 



suppQ 



N\ 



|A 



N\ 



1/p" 
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Therefore, 

I suppQat] 



< ^ =: 



□ 

4.6. Existence of an invariant measure. Identically to [12j and [15J, 
from Lemma 14.101 we can prove that there exists a measure Q on Q such 
that Q <^ P and Q is stationary with respect to the random walk viewed 
from the point of view of the particle. In order to keep this paper self- 
contained, we state and prove it as Proposition 14. 141 below. 

Once we established Q, using Feller-Lindeberg's central limit theorem, see 
e.g. [11], we get the following fact. 



Fact 4.13 // in addition Q is ergodic, then Q almost surely the quenched 
law satisfies an invariance principle with a non-random diagonal, non- 
degenerate diffusion matrix. 

Proof that the matrix is diagonal and non- degenerate. The proof that the ma- 
trix is diagonal is easy: For every balanced a; G 0, every 1 < i ^ j < d and 
every two times n, m, 

Euj [{Xn — Xn-l,ei) • {Xrn — Xm-l,ej)] = 

and therefore the covariance matrix of Xn is diagonal for every n, and there- 
fore the diffusion matrix is diagonal. Let M be the diffusion matrix. Since it 
is diagonal, in order to see that it is non-degenerate, all we need is to show 
that Mi^i 7^ for every i. Now, by the stationarity and ergodicity of Q, 

1 " 

Mi^i = lim 



, 1^ 1 
> lim — > Iq c f ,_rr = — — -— — > 0. 
- n^oon^ 3kS.t]-n Eq{Ti) 



□ 



Note that even though Q P, '\n the non-elliptic case it is not necessarily 
the case that P ^ Q, as is illustrated in Figure El 

In Section [5] we show how the two remaining problems (i.e. the question 
of ergodicity and the fact that the measures are not equivalent) are dealt 
with. 

Proposition 4.14 There exists a probability measure QonVt such that 

(1) Q < P. 

(2) Q is invariant w.r.t. the point of view of the particle. 

Proof. Fix w G ri, and define Qn to be an (arbitrarily chosen) invariant 
measure for the reflected random under the environment oj in A^r, and let 
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Figure 3. A configuration that has a positive P -measure, 
but zero Q-measure. The Q-measure is zero because the con- 
figuration presented here cannot occur at the second step, 
and Q is stationary (i.e. the second step has the same distri- 
bution as the first step). 



P/v be the uniform measure on A^v- For every N we define the measure 
Q(^) on n to be 



and the measure p(^) to be 



zgAjv 

By compactness, there exists a subsequence (Q*-^'-'-*) which converges weakly 
to a probabihty measure Q on Q. It is easy to show that Q is invariant w.r.t. 
the point of view of the particle for P-almost every cj, so we now show that 
Q <^ P for P-almost every cj, using the fact that for P-a.e. ui, for every j, 

lim Qn{{z : 3^&dAN s-t. \\z - x\\ < j}) = 0. 

Af->oo 



Note that for almost every cj, the sequence p(^) converges to P, and there 
:ists C such that 
that for every N, 



exists C such that < C for every N. From this we get immediately 



(4.26) 



ll^p(JV)llp' 

Assume for contradiction that Q P. Then there exists A (^Vt such that 
a := Q{A) > and P{A) = 0. For every e we can find an C $7 which is 
determined by finitely many coordinates, and such that Q{Ae) > a/2 and 
P{A^) < e. Then for all k large enough, Q'-^^\A^) > a/4 and < 
2e, and therefore 



dPi^) 



PW{A, 



For e small enough this is in contradiction with (j4.26p . 



□ 
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5. Proof of Theorem 11.11 

In this section we prove Theorem 11.11 This fohows from two statements: 
the first is that there exists a unique measure Q which is invariant w.r.t. the 
point of view of the particle and is absolutely continuous w.r.t. P, and the 
second is that for every z (zU^ the random walk starting from z a.s. reaches 
the support (which we define below) of this measure Q within finite time. 

5.1. The support of a stationary measure. For a measure Q which is 
invariant w.r.t. the point of view of the particle and is absolutely continuous 
w.r.t. P, we define 

suppQ = {u : ^(w) > 0}, 

where the derivative is the Radon-Nykodim derivative. This is well define 
up to a set of P-measure zero. 

For an a; G and a measurable set A <^ Q we define A^^ = {z G Z'^ : 
T-z{^) £ A}. For improvement of notation we write supp^^ Q for (suppQ);^. 

Claim 5.1 For P-almost every u, every z G Z"^ and every neighbor e of 
the origin, if z £ supp^ Q and uj{z, e) > then z + e £ supp^ Q. 

Proof. Due to shift invariance, it is sufficient to show this claim for z = 
and e = ei. Let D = {to £ suppQ : a;(0,ei) > and r^eii^) ^ suppQ}. 
Then, for the generator L of the process viewed from the point of view of 
the particle and the function / = IsuppQ, 

= - j LfdQ> j uj{id,ei)dQ{uj) 

The first equality follows from the stationarity of Q. This implies that D is 
of measure zero, as desired. □ 

5.2. Ergodicity. In this subsection we prove that there exists a unique 
measure Q which is invariant w.r.t. the point of view of the particle and is 
absolutely continuous w.r.t. P. 

Lemma 5.2 For every probability measure Q which is stationary w.r.t. the 
point of view of the particle and is absolutely continuous w.r.t. P, 

P(supp(3) > 

where $ is as in Corollary \4.12\ 

Proof. By Claim ISTj supp^(<5) is closed under the random walk (i.e. if z G 
supp^{Q) then P^(V„X„ G supp^(Q)) = 1) and therefore supp^(Q) n An 
is closed under the reflected random walk in A^r. Therefore, for every N, 
there exists a stationary measure Qn which is supported on supp^((5) H A/yr 
and by Corollary I4.12( P-a.s. for all N large enough IsuppQ^vl ^ *^|Ajv|. 
Therefore by the Ergodic Theorem P{supp{Q)) > <I>. 

□ 
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Corollary 5.3 There are finitely many probability measures that are sta- 
tionary and ergodic w.r.t. the point of view of the particle and are absolutely 
continuous w.r.t. P. Further more, every Q which is stationary w.r.t. the 
point of view of the particle and is absolutely continuous w.r.t. P, is a convex 
combination of these ergodic measures. 

We now study the connectivity structure of supp^ Q for Q ergodic. We 
start with a definition and then state and prove a few lemmas. 

Definition 7 For w G and x,y ^ TL!^ , we denote by x^y the occurrence 

P^{3nXn = y)>0. 

We say that a set A C Z'^ is strongly connected w.r.t. u if for every x and y 
in A, x^y. A set A C Z"' is caUed a sink w.r.t. u if it is strongly connected 
and x/^y for every x £ A and y ^ A. 

Proposition 5.4 There exists k > such that for every probability measure 
Q which is stationary and ergodic w.r.t. the point of view of the particle and 
is absolutely continuous w.r.t. P, for P-a.e. ui, supp^^ Q contains a subset 
A which is a sink w.r.t. ui and has upper density at least k, i.e. 

Un [-iv, Nf\ 

Km sup f- 771 — > K. 

Proof. For P-a.s. u for all N large enough the set A^v H supp^^ Q is non- 
empty and closed for the reflected random walk. Therefore there exists an 
ergodic measure Qn for the reflected random walk on A^v H supp^ Q. Note 
that suppQat satisfies three nice properties: 

(1) IsuppQtvI > ^\An\, 

(2) suppQat C supp^Q, and 

(3) supp Qat is a sink with respect to the reflected random walk under 
the environment u on An (obviously, it cannot be a sink w.r.t. w 
on the entire Z"'). 

Fix K G N and k > 0. We now define an event k follows: Pk k is 
the event that the following things occur: 

(1) e supP(^ Q (note that this is the same as w € suppQ). 

(2) There exists a set A C \-K, K\'^ n supp^ Q such that 

(a) \A\>k\\-K,K\\ 

(b) € ^. In addition, 042; and x40 for every x £ A. 

(c) xf^y for every x £ A and y G [—K, K]'^ \ A. 

Claim 5.5 There exists a > and k > such that P{Bk,k) > ct for all 
K> 1. 



We postpone the proof of Claim 15.51 

Let := {Bk,k occurs for infinitely many values of K}. Using Claim 
PiB,) > a. 
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On the event -B^, for every K such that Bk,k occurs, let Ak be the 
appropriate set. Then 

U 

k-.Bk.k occurs 

is a sink as required. 

□ 

Proof of Claim \5.5\ By Corollary 14.121 for every large enough there is 
a stationary measure Q n for the reflected random walk on Ajv n supp^^ Q 
which is ergodic and such that |supp(5Ar| > <^|A7v|. Fix some 7 and /? 
strictly between and <l>/2. Take large which is divisible by and 
divide Atv into disjoint cubes Di, . . . , Df^^^Ky . 

For a cube Dj^, we say that Df^ is good if at least f3\Df:\ of the points 
in Dk belong to suppQ^v. We claim that at least proportion 7 of the 
cubes are good. Indeed, otherwise we get |supp(5Ar| < jK'^{N'^ / K'^) + 
/5K'^{N'^/K'^) < (7 + l3)N'^ < ^\An\ which is a contradiction. 

Now, by the ergodic theorem, 

P(B^,,)= hm Yl 

Af— i-oo £\/v ^ — ' 
' ' zgAiv 

Now note that if we choose k = j3 ■ 2~'^, then t-z{ui) G Bk,^ for every z 
which is in the intersection of supp Hi\f and a good cube. In this case, the 
set A is simply the intersection of and z +[—K,K]'^. Now take a = 7/?. 
Then for all N large enough which is divisible by K, 

J™ 1ba-,«(^-2(w)) > a 

A^oo \An\ ^ 

and therefore P{Bk,k) > ol. 

□ 

Lemma 5.6 (1) For P-almost every u, every sink has lower density at 
least $/2"'. 

(2) For every ergodic Q which is invariant w.r.t. the point of view of the 
particle and is absolutely continuous w.r.t. P, P-a.s. there are only 
finitely many sinks contained in supp^^ Q. 

(3) P-a.s., every point in supp^^ Q is contained in a sink. 

In other words, the lemma says that a.s. supp^ Q is a finite union of sinks, 
each of which has lower density at least <I>/2"'. 

Proof. Part [Tl Let S be a sink. Then for all N large enough, Aat H S 7^ 
0. Therefore there is a stationary measure Hj^ w.r.t. the reflected walk 
on Ajv which is supported on 5, and therefore, by Corollary 14.121 15* n 
[-N,NY\ > |5nAAr| > Isuppif^vl > ^IAtvI = {^/2'^)\[-N,Nf\. Part [2] 
follows immediately from part [1] and the fact that distinct sinks are disjoint. 
To see Part [Sj note that if is in a sink then any point reachable from is 
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in a sink. Thus, if A is the event that is in a sink, then A is closed under 
the walk from the point of view of the particle. Therefore, A n supp Q is 
invariant under the walk from the point of view of the particle, and thus by 
ergodicity of Q, we get Q{A) G {0, 1}. Since we already proved Q{A) > 
we get QiA) = 1. □ 



Remark 3. In fact, we can also prove that supp^^ Q is a sink (i.e. the finite 
number of sinks is one), but we do not do this now since we do not need it 
for our purposes. 

Proposition 5.7 There exists a unique ergodic measure Q. 

In what follows we use the following notation: For a set A C Z*^, we denote 
its lower density by dens(A), and its density, if such exists, by dens(74). 

Proof. We use an adaptation of the easy part of the percolation argument 
of Burton and Keane [8]. Even though the finite energy condition is not 
satisfied, a very similar yet slightly weaker condition holds. In combination 
with the positive density of sinks (Lemma 15.61 Part [TJ we can produce the 
percolation argument. Let Qi and Q2 be two distinct ergodic measures. 
Define dist((5i, (52) := min(|2; — tM| : z G supp^Qi,?i; G supp^(52)- Note 
that due to shift invariance it is a P- almost sure constant, and therefore w 
is rightfully omitted from the notation. Let z and w be two points such 
that |z — = dist((5i, (52)5 and such that the event U = U{z,w) = {z £ 
supp^^ Qi,w £ supp^ Q2} has a positive P probability. Let i be a direction 
s.t. {ei,z — w) 7^ 0. Let R be the following measure on O x 0: we sample uj 
and io' . for all rr 7^ z, we take uj{x) = io'{x) to be sampled i.i.d. according 
to I'. We then take uj{z) ~ {i^\uj{ei) = 0) and uj'{z) ~ (z/|ti;(ej) / 0). Again, 
everything is independent. Let Pi be the distribution of oj and P2 be the 
distribution of uj' . Note that Pi and P2 are both absolutely continuous 
w.r.t. P, and that Pi{U) > and P2{U) = 0. Now let e < ^>/2'^+^ and 
let j4 C J7 be an approximation of suppQi, i.e. P{A A suppQi) < e and 
A G a{u}{x) : \x\ < K) for some finite K. Now, for all x s.t. |x — 2;| > 
we have that x G A^ if and only if rr G A^^i . Since both Pi and P2 
are absolutely continuous w.r.t. P, we get that R almost surely, by the 
ergodic theorem, deTis{A^ — supp^^Qi) = <iens{A^^i — supp^/ Qi) < e and 
equivalently dens(supp^ Qi — A^) = dens(supp^/ Qi — A^i) < e. Therefore, 
a.s. conditioned on the event u G U, we get dens(supp^ Qi — supp^^/ Qi) < 
2e < dens(5'(^) where S^j is the sink containing z in u. Therefore, iti-a.s. on 
UJ £ U there exist a point x in supp^/ Qi such that x^z. But then we also 
get x^z, and thus z G supp^^^ Qi. Equivalently we get that w G supp^/ Q2, 
and therefore P2{U) > which is a contradiction. Therefore there exists a 
unique ergodic measure. □ 

5.3. The probability of hitting supp^ Q. In this subsection we show that 
with probability 1 the walk has to hit supp^^ Q. 
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Lemma 5.8 Let Q he the probability measure which is stationary w.r.t. the 
point of view of the particle and is absolutely continuous w.r.t. P. Then for 
P-a.e. uj and every z G Z"', 

P^ {3n s.t. V„>jvX„ e supp^(Q)) > 0. 

Proof. Assume for contradiction that there exists B Q ft such that P{B) > 
and for uj B, there exists z S such that 

P^ {3n s.t. Xn G supp^(Q)) = 0. 

Then there exists /S C f2 with P{S) > such that for every oj £ S, 

P° (37V s.t. Xn G supp^(Q)) = 0. 

For every e > there exist K £ N and ACQ such that A is measurable 
w.r.t. a{uj{z) : ||z|| < K) and P{A A S) < e. 

S is closed under the random walk and therefore S D An is closed under 
the reflected random walk in An. Therefore, for every A^, there exists a 
stationary measure Hn which is supported on S Ci An and P-a.s. for all 

N large enough satisfies < C for some C. Also, for N large 

^ Aiv,p 

enough, ifAr(r_^(a;(^) ^ A) < 2C'e. As in Subsection g^l let iJ be a 

subsequential limit of Hn. Then H is stationary w.r.t. the point of view of 

the particle. By Proposition 15.71 H = Q. In addition, P{supp{H)) > C and 

P{supp{H) \A) < 2C'e. However, P{A n supp(g)) < P{A \S)<e, which 

is clearly a contradiction. 

□ 

Proposition 5.9 Let Q be the probability measure which is stationary 
w.r.t. the point of view of the particle and is absolutely continuous w.r.t. 
P. Then for P-a.e. uj and every z G Z"^, 

P^ {3n s.t. \/n>NXn G SUpp^(Q)) = 1. 

Proof. Let 

h{z) = h^{z) = l-P^ (37V s.t. Xn G supp^(Q)) . 

It suffices to show that h = 0. Assume for contradiction that with positive 
P-probability there exists z such that h{z) > 0. Then by the ergodicity of 
P w.r.t. the shifts, P(3zh{z) > 0) = 1. We now show that P-almost surely, 
sup^ h{z) = 1. 

Indeed, his a harmonic function w.r.t. the transition kernel, and therefore 
h{Xn) is a martingale. Let z be such that h{z) > and let A be the (positive 
probability) event that the random walk starting at z never hits supp^ Q. 
By standard Martingale Theory, under the event A, the sequence Xn has to 
converge to 1. 

Thus sup/i = 1, but by Lemma [5.8l the supremum is never attained. Now 
for 1] > 0, let hr^{z) = rj + h{z) — 1. Then, P-almost surely, 

sup hjj = rj. (5.1) 
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However, for every large enough ball Br around the origin, by Theorem [37 
with power p = 1, 

max < C ■ max • ■ . 

Br B2r I B2r I 

By taking a limit and using the ergodic theorem, we get 

sup hri < C ■ sup hrj ■ P{hrj{0) > 0). 

As lim^_j.o P{hrf{0) > 0) = 0, we get a contradiction for all rj small enough. 
Therefore, h = 0. 

□ 

Proof of Theorem \l.l\ The theorem follows from Fact 14. 13] and Propositions 
OandEl □ 



6. Proof of Theorem 13.21 

In this section we prove Theorem 13.21 The proof is a minor modification 
of the proof of Theorem 12 of [12]. We do not include all details, but rather 
explain how to modify the proof in [12] to our needs. The essential new 
ingredient is the use of Theorem 13.11 and Lemma [2.41 to control the stopping 
time Ti. A difference between our notations and the notations in [12] is 

that our generators L^^ and are the negatives of the corresponding 

generators in [12]. We chose to do it this way for notational ease. 

As in [12], we may choose xq = and write Bf^ = Bi\[{0). Next take 
k = k{N) = (log A^)"'^'"^ as in the Remark[Tl and set T^'^^ = min(ri, k) and 

y 

where a^{x,y) := P'^(^[^^ = y). Note that in view or Remark [2] this is 
balanced, i.e. 

5](2/-x)a^(rr,y)=0. 

y 

First note that if L^u{x) = then using the optional stopping theorem, 

LWn(x) = 0. 

The next step is to adapt Lemma 14 of [12j . Fix r > 1 and take /3 = 2dr /p > 
2 and set 

r?(x) = (1 - |x|VA^')^1h<7V 

and V = rju^ . Then the proof of Lemma 14 in [12] shows that for every 
X £ Bn with Ii,{x) / 

l1^^v{x) < C{PW~^/^N~^hlu+{x) (6.1) 
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where 



= max \x-y\ < (logiV)^°°. 

y.a!^'^ {x,y)>0 



Our main problem is that is in our case unbounded in N. We differentiate 
between points close to the boundary of B^: 

B2,N = {x e Bn : - < 4(logiV)^°°} 
and points in the interior 

Bi^N = {x e Bn : - |x|2 > 4(logiV)^°°} 
For X e Bi^N n {x : Iy{x) / 0}, fohowing [12] (27) and (28) we see that 

Y,a(^\x,y)^{v{x)-v{y)) < ^^^2^^^^ N-^r^^-^l ^ {x)Y,ai^\x,y){x-yfu 

y y 
and from (29) of [E] 

X:a(^)(x,^)^(s,y-x> < /32'^-^'N-W-'^'ix)Y.^L''Hx,y){x-yfu^{x) 

That is, in (j6.ip we can to replace with 

j;aW(x,y)(x - yf = i?:[rf )] =: T^x), 
y 

where the equality follows from Wald's lemma, and get 

4^)f(x) < P2^^+^R-W^/^{x)TUx)u+{x). 

Next, for x £ -B2,7V using the fact that the range of the walk is bounded 
by (log N) by ()6.ip we simply have 

L(f)^;(x) < 2v{x) < 32r]^~^/'^N~^{logNf°°u+{x). 

In view of Remark [T] we can now apply the maximal inequality for so 
that for N large enough, P a.s. 

niaxt;(x) < 6N'^\\li^^-iiitL^v\\B^,d 

Bat V 



< c 



v'-'/'n^lB,^T + (log N^^C 

Bff,d 



Bn4 



Next we use Holder's inequality: let r' be such that ^ + p- = 1. Then 



u^Ib.mT 



< \\T\ 



Bn4 



BN,dr' 



and 

(logiV)200 r?i-2//3^+i^^ 



<{logNr^lB,J\B 



,dr' 



B]^,dr 



B^,dr 



Take > A^i = iVi(r) such that 
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and using the ergodic theorem and Lemma 12.41 we now that P a.s. for 

AT > = N2{dr'), 

llT^lb,,,, <C = C(dr')<oo. 

Thus for each r > 1, if > NQ{r) = max{Ni, N2) there exist C = C(r) 
such that 



maxv(x) < C 

Bn 



BN,dr 

and can then proceed as in the proof of Theorem 12 of 

□ 

7. Concluding remarks 

We end this paper with a number of remarks and open questions. 

Remark 1 Our result is also true for time continuous balanced RWRE 
generated by L^. One way of seeing it is that by the Ergodic theorem the 
time scales of both processes are comparable. 

Remark 2 Although not done here, we believe that our result extends 
easily to i.i.d. genuinely d-dimensional (appropriately defined) finite range 
balanced environments, that is for which 

^ uj{x,z){z) = 

with 

uj{x, z) = 0, if \z\ > R 

for some i? > 1, since the essential analytical tools work for such generators. 
Note that this is less restrictive than strongly balanced 

uj{x,z) = ijj{x,—z), Vz. 

Of course both definitions agree in the nearest neighbor case. 

Remark 3 A much more challenging problem is to add a deterministic 
drift. For example take for e G (0, 1) 

Loix, e) = (1 - e)ujQ{x, e) + ele=ei 

where wq is i.i.d. balanced, genuinely d-dimensional. 

Remark 4 Replacing the i.i.d. hypothesis with a strongly mixing condi- 
tion on the environment is also a natural question. Example 11.31 shows that 
general ergodic (and even mixing) media do not satisfy the quenched in- 
variance principle, but things could be manageable if the environment has 
strong enough mixing conditions. 

Remark 5 The percolation problem in higher dimensions on its own is 
a source of open questions. One interesting questions is: are all infinite 
strongly connected components sinks or are there also other components? 
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This is essentially the question of uniqueness of the infinite strongly con- 
nected component. 

And finally, 

Remark 6 Can we get heat kernel bounds of the Aronson type at large 
scale or Harnack inequalities? See e.g. [l] where this is done in a non- 
elliptic reversible setting. 
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